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Abstract

Lorenz±Mie computations of the extinction cross-section for monodisperse spheres

show the existence of a very complex structure that includes extremely narrow peaks

called morphology-dependent resonances (MDRs). The width and magnitude of the

peaks are highly sensitive functions of the size parameter and the refractive index of the

sphere. So far the MDRs have been calculated and observed mostly for the total optical

cross-sections and the scattered intensity, though it has been clear that they should also

exist in the scattering matrix elements. In this paper we use modern visualization

techniques to study the manifestations of MDRs in the elements of the Stokes scattering

matrix and their dependence on the refractive index. We show that within MDRs, the

scattering matrix elements may drastically change not only their magnitude, but also

their sign. Even weak absorption inside the particles strongly modi®es and then

completely destroys the polarization resonance e�ects. Ó 2000 Published by Elsevier

Science Inc. All rights reserved.
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1. Introduction

The light scattering properties of dielectric spheres have been studied ex-
tensively since the development of the Lorenz±Mie theory [1]. This theory
provides an e�ective means of quantitative interpretation of measurements of
both the intensity and the polarization of scattered light and, thus, the basic
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foundation of remote sensing and optical particle characterization [2,3]. Yet,
there are some relatively recent phenomena of Mie scattering that are less
frequently studied and might be considered as perhaps surprising or unex-
pected behavior [4]. These are the super-narrow resonance spikes called mor-
phology-dependent resonances (MDRs) that were noticed in calculations of the
Mie extinction cross-section at high size parameter resolution [5,6]. The the-
oretical basis for these sharp resonance features and their relative spacing as
functions of the particle size parameter and refractive index are well under-
stood as a part of the basic Lorenz±Mie scattering formulation [4±7].

So far the MDRs have been calculated and observed mostly for the total
optical cross-sections and the scattered intensity [4±12], though it has been
clear that they should also exist in the elements of the Stokes scattering matrix.
In this paper we report results of extensive computations and use modern vi-
sualization techniques to study the manifestations of MDRs in the scattering
matrix elements and their dependence on the real and imaginary parts of the
refractive index.

2. Calculations

A detailed overview of the Lorenz±Mie theory can be found in [1]. To ensure
high accuracy of calculations, we employed two independently written FOR-
TRAN codes using double-precision ¯oating-point variables and found perfect
agreement.

Fig. 1 shows the extinction e�ciency factor Qext � Cext=�pa2� and the asym-
metry parameter of the phase function g versus size parameter x � 2pa=k for
monodisperse spherical particles with an index of refraction m � 1:4, where Cext

is the extinction cross-section, a the radius, and k is the wavelength. Both curves
are characterized by a series of major maxima and minima with superimposed
high-frequency ripple and spike-like MDRs. The major maxima and minima are
called the ``interference structure'' since they are traditionally explained as the
result of interference of light di�racted and transmitted by the particle [1,2]. A
light ray passing through the center of a sphere acquires a phase shift of
q � 2x�mr ÿ 1�, where mr is the real part of the refractive index. Therefore,
constructive and destructive interference and, thus, maxima and minima in the
extinction e�ciency curve, occur successively at intervals �2p in q.

On the other hand, both the ripple and the MDRs are caused by the reso-
nance behavior of the Mie coe�cients an and bn [6]. As the size parameter
approaches a resonant value, the denominator of a Mie coe�cient an or bn

approaches a local minimum, thereby causing a local extremum (maximum or
minimum) in the curve for a speci®c scattering characteristic. Interestingly, the
numbers of local extrema in the two curves are identical and a local minimum/
maximum in the extinction curve always corresponds to a local maximum/
minimum in the asymmetry parameter curve.
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The di�erence between the high-frequency ripple features and the MDRs is
that the latter are much narrower. This is demonstrated in Fig. 2 which shows
the angular pro®le of the MDR centered at x � 38:9983. The dots show the
sampling resolution used in Fig. 1, and it was a bare coincidence that the MDR
depicted in Fig. 2 also showed up in Fig. 1. This demonstrates once again the
extreme narrowness of the MDRs.

Fig. 2 also shows the behavior of the MDR with increasing imaginary part
of the refractive index mi. It is seen that increasing mi from 0 to a very small
value of 10ÿ5 almost completely destroys the MDR while not changing
whatsoever the background Qext and g values. Since it takes much larger mi

values in order to eliminate the ripple and the interference structure [13], Fig. 2
suggests that measurements within MDRs may be far more sensitive to weak
absorption than measurements in the ``continuum''.

It appears that the manifestations of the ripple and the MDRs are even
more spectacular in the elements of the Stokes scattering matrix F than in the
integral photometric characteristics. The scattering matrix describes the

Fig. 1. Extinction e�ciency factor Qext and asymmetry parameter of the phase function g versus

size parameter x for monodisperse spherical particles with an index of refraction m � 1:4.
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transformation of the Stokes vector of the incident light into the Stokes vector
of the scattered light:

Isca / F�H� Iinc; �1�
where H is the scattering angle, i.e., the angle between the incident and scat-
tered beams, and

I �
I
Q
U
V

2664
3775 �2�

is a four-component Stokes vector [1,2]. For spheres, the scattering matrix has
the well-known block-diagonal structure [1],

F�H� �
F11�H� F12�H� 0 0
F12�H� F11�H� 0 0

0 0 F33�H� F34�H�
0 0 ÿF34�H� F33�H�

2664
3775 �3�

Fig. 2. Pro®le of the MDR centered at x � 38:9983 for ®ve values of the imaginary part of the

refractive index mi. The dots show the sampling resolution used in Fig. 1.
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and has only four independent elements.
Since the scattering matrix for a ®xed refractive index depends on two

variables, viz., the size parameter and the scattering angle, it is convenient to
visualize the elements of the scattering matrix using two-dimensional color
images plotted with ®ne angular and size parameter sampling resolution
[14,15]. Fig. 3 shows the degree of linear polarization ÿF12=F11 (%) as a
function of H and x for monodisperse spheres with the same refractive index
m � 1:4. The image was created using the sampling resolution DH � 1=3° and
Dx � 0:05. With the exception of the region of Rayleigh scattering �x K 2�, the
entire polarization image is a ®eld of sharp, alternating local maxima and
minima. The frequencies of the maxima and minima over both H and x in-
crease with increasing size parameter. This very complex ``butter¯y'' structure,
which appears to be both chaotic and revealing a perceptible order, was ®rst
discovered by Hansen and Travis [2] and results from interference e�ects for
particles of a single size. In their paper published 25 years ago, Hansen and
Travis could use only the white and black colors and, therefore, blackened the
regions of positive polarization and left the regions of negative polarization
white. The use of a continuous color bar in Fig. 3 allowed us to build a
complete image of the butter¯y structure with a detailed gradation of the
magnitude of polarization as well as its sign.

Fig. 4 provides a zoomed image of a small part of the ®eld covered by
Fig. 3 and reveals with much greater detail the enormous complexity of the
interference pattern. Now the sampling resolution (DH � 0:1° and
Dx � 0:007) is ®ne enough to exhibit several horizontal ``dislocations'' or
``anomalous strips'' which are ®rst indicators of MDRs. One of them is
centered at x � 38:9983 and is shown with even greater sampling resolution
(DH � 0:05° and Dx � 0:00001) in Fig. 5. This ®gure depicts the ratios
F33=F11 (%) and F34=F11 (%) as well as the degree of linear polarization and
shows an immense degree of variability within the resonance. Unlike the
optical cross-sections (which are positive by de®nition) and the asymmetry
parameter (which may be negative as well as positive), the normalized
scattering matrix elements change not only their absolute value by orders of
magnitude (rather than by several percent, as Qext and g) but even their
sign. This potentially makes measurements of the normalized scattering
matrix elements a much more sensitive detector of MDRs and hence a more
powerful particle characterization technique.

Fig. 6 is analogous to Fig. 5, but shows the degree of linear polarization
computed for three increasing values of the imaginary part of the refractive
index. Although most MDRÕs polarization features gradually weaken and ul-
timately disappear, the narrow minimum, located at H � 76° and x � 38:99828
for mi � 0 (middle panel in Fig. 5), becomes much more pronounced and shifts
toward larger H and x before it ®nally disappears at mi � 10ÿ4. This behavior is
quite di�erent from that observed for Qext and g (Fig. 2).
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Fig. 3. Low-resolution color image of the degree of linear polarization for monodisperse spherical

particles with an index of refraction m � 1:4.
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Fig. 4. As in Fig. 3, but using ®ner sampling resolution.
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Fig. 7 shows the degree of linear polarization versus H and mr for
x � 38:9983 and mi � 0. Interestingly, this ®gure is hardly distinguishable from
Fig. 5. This strongly suggests that, at least for nonabsorbing particles, the
behavior of MDRs is determined by the product of the refractive index and size
parameter rather than by each of these quantities separately. This also means
that precise measurements of MDRs can be used not only for particle sizing,
but also for accurately retrieving the refractive index provided that the particle
size is already known.

3. Discussion and conclusions

A natural question to arise is whether the super-sharp MDRs are physically
`real', or are artifacts of the theoretical macroscopic concept of `sphere' being
applied too literally to microscopic objects. However, high-quality laboratory
data, e.g., measurements of the intensity of light scattered by a gradually
evaporating (NH4)2SO4 solution micro-droplet [8], provide an impressive ex-
perimental demonstration of the actual occurrence of this phenomenon and its
practical usefulness as an optical particle characterization tool [4].

We have demonstrated the spectacular manifestation of MDRs in the nor-
malized elements of the Stokes scattering matrix which includes not only
changes in magnitude but also drastic changes in sign within the resonance and
a complicated dependence on small values of the imaginary part of the re-
fractive index. It is well known that being intensity ratios, the normalized el-
ements of the scattering matrix, including polarization, can be measured with
much higher precision than the scattered intensity itself or the total optical
cross-sections [2,16]. Therefore, our results strongly suggest that the potential
of using MDRs for optical particle characterization can be signi®cantly en-
hanced by measuring ratios of the scattering matrix elements. We have also
demonstrated that even very weak absorption can strongly modify or com-
pletely destroy the polarization pattern of MDRs while leaving the ripple
features intact. Therefore, high-precision measurements of MDRs can be used
not only for particle sizing or determining the real part of the refractive index,
but also for detecting minute deviations of the imaginary part of the refractive
index from zero.

The extreme sharpness of the MDR features may also help explain some of
the minor, but nevertheless perplexing di�erences that often show up in inter-
comparisons of radiative forcing results and the inter-comparisons of bulk Mie
scattering parameters such as the extinction cross-section and asymmetry pa-
rameter [17]. In view of the fact that Mie scattering is an exact theory, it follows
then that if the particle size and refractive index are agreed upon, precise
agreement is expected for the resultant Mie parameters to many decimal places.
Thus, the ®rst step in model inter-comparisons should be to verify that the Mie
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codes produce identical results for the same monodisperse size parameter and
refractive index. Since the bulk extinction cross-section and asymmetry pa-
rameter imply integration over a size distribution of particles, it is clear from
the results in Figs. 1 and 2 that convergence is not going to be uniformly
monotonic as the number of integration points is increased. Thus, when an
integration mesh point hits an MDR feature, there may be an apparent local
discontinuity that is greater than 5% compared to the background value. For
precise Mie scattering characteristics, exceedingly high resolution in size pa-
rameter space is needed to fully resolve the MDR features.
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